Abstract : This paper concerns with a new class of adaptive gain-scheduled H ∞ control of linear parametervarying (LPV) systems with time-delayed elements. The plants in this manuscript are assumed to be polytopic LPV systems which have time-delayed components, but the scheduled parameters and time-delayed elements in those plants are not known a priori, and thus, the conventional gain-scheduled control strategy cannot be applied. In the proposed adaptive schemes, the estimates of the scheduled parameters are obtained successively, and the current estimates are fed to the gain-scheduled controllers to stabilize the plants and to attain H ∞ control performance adaptively. Also, the control gain to compensate the effect of time-delayed elements, is tuned recursively. Stability analysis of the adaptive control systems is carried out by utilizing LyapunovKrasovskii functions based on linear matrix inequalities in the bounded real lemma.
Introduction
Recently, there has been much progress in the field of gain-scheduled control of linear parameter-varying (LPV) systems with guaranteed control performances [1] , [2] , [3] , [4] , [5] , [6] . Those results are based on linear matrix inequalities (LMI) techniques in control engineering and computation tools solving LMI. Among several gainscheduled control structures, the gain-scheduled control schemes for polytopic LPV systems [3] has been one of the standard techniques with useful computation tools [7] . However, in those approaches, the time-varying process parameters are assumed to be known a priori. Those parameters are fed to the gain-scheduled controllers as scheduled variables to attain stability and certain control performances. If those scheduled parameters are unknown, or inaccurate, then even the stability of the resulting control systems is not assured.
In order to solve those problems, we proposed adaptive gain-scheduled H ∞ control of LPV systems in our previous research [8] . The plants in that work are assumed to be polytopic LPV systems, but the time-varying parameters (scheduled parameters) in those plants are not available for measurement, and thus, the conventional gain-scheduled control strategy cannot be applied. In the proposed adaptive schemes, the estimates of the unknown scheduled parameters are obtained successively, and the current estimates are fed to the controllers as scheduled variables to stabilize the plants and to attain H ∞ control performance adaptively. Stability analysis of the adaptive control systems is carried out by utilizing Lyapunov function approaches based on LMI in the bounded real lemma. By introducing projection-type adaptive laws, those control schemes can be applied to time-varying parameters and the boundedness of overall adaptive systems is assured.
LPV systems are sometimes approximate models of nonlinear systems, where scheduled parameters reflect changing nonlinear characteristics of plants. Hence, the gain-scheduled control schemes of LPV systems can be applied to the control of many nonlinear systems by introducing suitable LPV models, and those approaches give the clear prospect about the achievable control performance compared with the conventional approaches of nonlinear control. However, several systems which have time-delayed elements, are not included in the class of those LPV models. Time delays are often seen in the control of chemical process, hydraulic process, and rolling mill processes, and even in social and economic phenomena, and the lack of consideration of such delayed elements, sometimes give rise to instability of overall feedback control systems.
From that view point, we present a new class of adaptive gain-scheduled H ∞ control of LPV systems which have also uncertain time-delayed elements. In our adaptive control schemes, tunings of scheduled parameters are carried out so as to satisfy L 2 gain constraints derived from LMI formulas. Additionally, the control gain to compensate the effect of time-delayed elements, is tuned recursively. Stability analysis of the adaptive control systems is carried out by utilizing Lyapunov-Krasovskii functions based on linear matrix inequalities in the bounded real lemma.
Adaptive Gain-Scheduled H ∞ Control of LPV Systems
In this section, our previous results [8] are summarized. The adaptive gain-scheduled H ∞ controllers for polytopic LPV systems are constructed for the case where scheduled parameters in those systems are not available for measurement.
Adaptive Gain-Scheduled Control via State Feedback
Consider the following LPV system
where w is an external disturbance.
depend affinely on the time-varying parameter α (scheduled parameter) and satisfy
with time-invariant matrices A pi , B 1i , C 1i , D 22i . The parameter α ranges over a fixed polytope such that
For that LPV system, the system matrices
are known, but the parameter α is not available for measurement. The control objective is to stabilize that polytopic LPV system and to make L 2 gain from disturbances w to generalized outputs z less than γ (> 0) for all possible α. Here we review the conventional gain-scheduled control problem [3] , where α is assumed to be available for measurement. The following gain-scheduled state feedback control is chosen for the control objective.
where F i are time-invariant matrices to be determined later. Then the feedback system is described by
where
The controlled system is stabilized and the L 2 gain from w to z is made less than γ (> 0), if there exists a positive definite matrix P satisfying the following LMI for all possible α (4) (Bounded Real Lemma). 
The condition (9) is equivalent to the existence of the positive definite P satisfying the next systems of LMIs (10) .
The LMI-based solvability conditions and controller designs were studied in [3] , and the computation algorithms to obtain P (Lyapunov matrices) and controller matrices F i simultaneously from (10), were also developed in the work [7] . However, that approach is effective only for the case where α is available for measurement. When α is not available,α (the current estimate of α) is fed to the gain-scheduled state feedback controller as follows:
Then, the controlled system becomeṡ
Here we assume
and Assumption 2 LMI (10) is solvable for the LPV system (1), (2) , and there exist a positive definite matrix P and feedback matrices F i (1 ≤ i ≤ r) satisfying (10) .
Note that the unknown parameters α i are not included in the LMI (10) . On the basis of Assumption 2, the LMI (9) is divided into the form
and the following relation holds for any vector x, w, d with proper dimensions and
By considering (12), (13), and by setting d as
the inequality (15) is rewritten into
Here, define the positive function V V = 1 2
and take the time derivative of it along the trajectories of x,α i and α i , by utilizing (17).
From that, the adaptive laws ofα = [α 1 , · · ·,α r ] T are determined as follows (the projection-type adaptive laws [9] ).α
where S(∈ R r ) is a bounded region which contains the constraints of α (4). From the properties of projectiontype adaptive laws [9] , it follows thatα ∈ S (α i ∈ L ∞ ) and that
Then,V is evaluated bẏ
and it is shown that V ∈ L ∞ , and that x, z ∈ L ∞ . Also, the next inequality is derived from (26).
Then, the L 2 gain from w to z is prescribed by γ, where initial error of tuning parameters
and time-varying elements of
Theorem 1 Consider LPV systems (1), (2). On Assumption 1 and Assumption 2, the adaptive gain-scheduled control schemes (11), (20), (21) stabilize the process; x, z,α ∈ L ∞ , and attain adaptive H ∞ control performance (28). Especially, whenα
Remark Boundeddess of the proposed adaptive gain-scheduled control schemes is derived from (27) (but not from (28)). The inequality (28) prescribes L 2 gain property and holds for any finite t (> 0).
Adaptive Gain-Scheduled Control via Dynamic Compensator
Consider the following polytopic LPV system
with time-invariant matrices A pi , B 1i , C 1i , D 22i , and the time-varying parameter α (scheduled parameter) satisfies the same condition as (4) . For that LPV system, the system matrices
are known, but the parameter α is unknown. The control objective is to stabilize the process, and make L 2 gain from disturbances w to generalized outputs z less than γ (> 0), for all possible α.
Here the conventional gain-scheduled control problem [3] is reviewed, where α is assumed to be available for measurement. The following gain-scheduled dynamic compensator is introduced for the control objective.
where A Ki , B Ki , C Ki , D Ki are time-invariant matrices. Then, the feedback system becomes
The controlled process is stabilized, and L 2 gain from w to z is made less than γ (> 0), if there exists a positive definite P satisfying the following LMI for all possible α (4) (Bounded Real Lemma). 
The condition (41) is equivalent to the existence of the positive definite P satisfying the next systems of LMIs (42). 
The computation algorithms to obtain P (Lyapunov matrices) and controller matrices A Ki , B Ki , C Ki , D Ki simultaneously from (42), were also developed in the previous work [7] . However, that strategy can be applied only to the case where α is available for measurement.
When α is not available,α (the current estimate of α) is fed to the gain-scheduled dynamic compensators as follows:
Then, the overall controlled process is written by
Here we assume Assumption 1 and 
Note that the unknown parameters α i are not included in the LMI (42). On the basis of Assumption 3, the LMI (41) is divided into the form
and the following relation holds for any vector x cl , w, d with proper dimensions and δ 1 , δ 2 , δ 3 > 0.
By considering (46), (47), and by setting d as
the inequality (49) is reduced to
Here, define V by
and take the time derivative of it along the trajectories of x cl ,α i and α i , by utilizing (51).
For the tuning ofα = [α 1 , · · ·,α r ] T , the same projection-type adaptive laws as (20) are chosen, but the definition
T is different from the previous case.
ξ(α) is the same as the previous one. Then, by considering the property of projection-type adaptive laws,V is evaluated as follows:
Since α,α ∈ L ∞ (Assumption 1) andα ∈ L ∞ (the property of projection-type adaptive laws), the next relation is obtained from (55).V
Hence, it is shown that V ∈ L ∞ , and that x cl , z ∈ L ∞ . Also, the next inequality is derived from (56).
Theorem 2 Consider LPV systems (29), (30), (31). On Assumption 1 and Assumption 3, the adaptive gainscheduled control schemes (43), (44), (20), (54) stabilize the process; x cl , z,α ∈ L ∞ , and attain adaptive H ∞ control performance (58). Especially, whenα
∈ L 1 and w ∈ L 2 , then x cl , z → 0 (as t → ∞) 3 Adaptive Gain-Scheduled H ∞ Control
of LPV Systems with TimeDelayed Elements
Many nonlinear systems can be seen as LPV systems with changing scheduled parameters, and the gainscheduled control schemes of LPV systems can be applied to the control of such nonlinear systems by introducing suitable LPV models. However, several systems which have time-delayed elements, are not included in the class of those LPV models, and the lack of consideration of time-delayed elements, sometimes give rise to instability of overall control systems.
From that view point, we present a new class of adaptive gain-scheduled H ∞ control of LPV systems which have also uncertain time-delayed elements. In our adaptive control schemes, tunings of scheduled parameters are carried out so as to satisfy L 2 gain constraints derived from LMI formulas. Also, the control gain to compensate the effect of time-delayed elements, is tuned recursively. Stability analysis of the adaptive control systems is carried out by utilizing Lyapunov-Krasovskii functions based on linear matrix inequalities in the bounded real lemma.
Adaptive Gain-Scheduled Control via State Feedback
Consider the following LPV system with time-delayed elements
where A p (α), B 1 (α), C 1 (α), D 22 (α) and α are defined by (3) and (4). The parameter α is not available for measurement. f i (x(t − τ i )) (1 ≤ i ≤ m) are unknown time-delayed elements (f i (·) and τ i (> 0) are unknown), and are evaluated as follows:
where ρ i (> 0) are unknown constant parameters. The initial condition is given by
where ψ(σ) is a continuous function. We assume Assumption 1 and Assumption 2. The control input is composed of the gain-scheduled state feedback term F (α)x and an additional signal v.
where v is a control signal which compensates the effects of time-delayed elements
. For the division of u, the controlled system is redefined as follows:
The substitution of the control schemes (63) ∼ (65) into the process (66), (67) yieldṡ 
Here, define the positive function V by (18), and take the time derivative of it along the trajectories of x,α i and α i , by utilizing (70).
The adaptive laws ofα i are the same as (20), (21). Then, from the properties of projection-type adaptive laws, we haveV
The next inequality holds for arbitrary positive C i .
By utilizing C i , we define the following positive function (Lyapunov-Krasovskii function) [10] .
We take the time derivative of W along the trajectory of LPV systems with time-delayed elements.
where (73) is considered. Here we set C i by
then,Ẇ is evaluated as follows:
The main theorem is derived. 
Theorem 3 Consider LPV systems with time-delayed elements (66), (67

as t → ∞).
Remark Since k is unknown, k * should be sufficiently large so as to satisfy k * > k. That k * (fixed parameter) can be also utilized as the control parameter in the following form
and there is no need of the tuning of k * for such case. However, that choice sometimes gives rise to the excessive control signal v because of the high gain k * . Hence, the adaptation scheme of k is still necessary, where a moderate k can be obtained compared with its upper bound k * .
Adaptive Gain-Scheduled Control via Dynamic Compensator
where 
where v is an additional signal which compensates the effects of time-delayed elements
Then the controlled system is described by 
The gain-scheduled controller is computed via MATLAB LMI Toolbox (Math. Works Inc.) as follows:
where All other initial conditions are 0. Fig. 1 shows the result where the proposed adaptive control scheme is applied. For comparison, Fig. 2 shows the result of the conventional gain-scheduled control scheme, where the exact α 1 and α 2 are utilized (non-adaptive), but the time-delayed element f (x(t − τ )) is not considered at all. 
Concluding Remarks
A class of adaptive gain-scheduled H ∞ control scheme of polytopic LPV systems having time-delayed elements is presented in this manuscript. Adaptive tuning of scheduled parameters is carried out so as to satisfy L 2 constraints derived from LMI formulas. Also, the control gain is updated recursively so as to compensate the effect of time-delayed elements. Stability analysis of the adaptive control systems is carried out by utilizing Lyapunov-Krasovskii functions based on LMI in the bounded real lemma. It is shown that the overall control systems are uniformly bounded, and that L 2 gain properties including initial errors of tuning parameters, timevarying components, and the effects of time-delayed elements, are prescribed explicitly. Numerical examples also show the effectiveness of the proposed method.
